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Computation of the cover of Shimura
curves X0(2)→ X (1) for the cyclic cubic
field of discriminant 132
Emmanuel Hallouin∗
November 7, 2018
Summary — We compute the canonical model of the cover of Shimura curves
X0(2) → X (1) for the cubic field of discriminant 132 described at the end
of Elkies’ paper [Elk06]. Last, we list the coordinates of some rational CM
points on X (1).
Introduction
In [Elk06], Noam D. Elkies computes explicit algebraic models of some Shimura
curves associated with quaternion algebras whose center is a cubic cyclic totally
real field and whose ramification data consists in exactly two of the infinite
places of the center. The examples of K7 and K9, the cubic fields of discrim-
inant 49 = 72 and 81 = 92 respectively, are studied in details. Then the case
of the center K = K13, the cubic field of discriminant 13
2, is described. Elkies
shows that X (1) has genus zero and that the cover X0(2)→ X (1) is a degree 9
cover with four branch points and with Galois group equal to PSL2(F8). But
the explicit computation of the canonical model remains to be done.
It turns out that this cover belongs to a family of degree 9 covers of P1C with
Galois group PSL2(F8), that I have computed in [Hal05]. The strategy followed
to compute the cover X0(2) → X (1) is though very simple. First gathering
enough data’s about the cover of Shimura curves (see §1), secondly putting these
conditions into equations in order to compute the parameter corresponding to
the expected element (see §2).
One of the key properties of X0(2) is that it has a an involution w2. Once
we know explicitly the map X0(2)→ X (1) and this involution w2, it is an easy
task to deduce the coordinates of some CM points on X (1). We obtain, this
way, some rational CM points on X (1).
∗Institut de Mathmatiques de Toulouse (Laboratoire E´mile Picard), University of
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1 The cover of Shimura curves X0(2)→ X (1)
LetK be the unique cyclic cubic field of discriminant 132, which can be obtained
by adjoining to Q a root θ0 of x
3 + x2 − 4x + 1 ∈ Q[x]. Its narrow class
group Cl+(K), and thus its class group Cl(K), are trivial. We denote by σi, 1 ≤
i ≤ 3, the three real embeddings of K into R.
Let B be the unique (up to K-isomorphisms) quaternion algebra over K
ramified at σ2 and σ3 and nowhere else. The embedding σ1 being unramified
in B, we know that B ⊗K,σ1 R ≃ M2(R) (the notation ⊗K,σ1 R means that R
is considered as a K-algebra via the embedding K
σ1→֒ R). This allows us to fix
an embedding i∞ : B →֒M2(R) which restricts to σ1 on K. We also fix O one
of the maximal orders of B; since Cl+(K) is trivial, all these maximal orders
are known to be conjugate. We denote by O1 the set of invertible elements
of O whose reduce norm equals 1. Then the group Γ(1) def.= i∞(O1) is an
arithmetic Fuchsian group (cf. [Kat92]), and in particular a discrete subgroup
of PSL2(R) (I denote the same way a subgroup of SL2(R) and its image in the
quotient PSL2(R)).
Let H be the usual upper half-plane with the action of PSL2(R). The
quotient Γ(1) \H, denoted by X (1)C, is a compact Riemann surface, called the
Shimura curve associated to B. It has a structure of complex algebraic curve.
The (inert) prime 2 in K being unramified in B, we know that B ⊗K
Q8 ≃ M2(Q8). We can fix an embedding i2 : B →֒ M2(Q8) in such a way
that i2(O) = M2(Z8). As for the classical modular curves case, we consider
the subgroups Γ0(2),Γ1(2) and Γ(2) of Γ(1). For example, Γ0(2), which is the
subgroup we will focus on, is the image by i∞ of:{
ω ∈ O1, i2(ω) ≡
(∗ ∗
0 ∗
)
mod 2M2(Z8)
}
.
They are also discrete subgroups of PSL2(R) and the quotients of H by these
subgroups, respectively denoted by X0(2)C, X1(2)C and X (2)C, are complex al-
gebraic curves. We have the tower:
X (2)C 8 //
PSL2(F8)
X1(2)C 7 // X0(2)C 9 // X (1)C.
The cover X (2)C → X (1)C is the Galois closure of the cover X0(2)C → X (1)C.
Moreover, the curve X0(2)C has an involution w2 which comes from a trace-zero
element of B of norm 2.
More precisely, in [Elk06] pages 314-315, thanks to Shimizu’s area formula,
Elkies proves that Γ(1) has four elliptic points, one of order 3, P0, three of or-
der 2, P1, P2, P3 and that the curve X (1) has genus zero. The map X0(2)C →
X (1)C is a cover of degree 9 = #F8+1, with geometric Galois group PSL2(F8)
(acting on the nine points of P1F8) and is ramified at the elliptic points P0, P1, P2, P3.
Since elements of order 3 and 2 in PSL2(F8) have cycle shapes 3
3 and 23 · 1
respectively, the ramification data of this cover must be (33, 24 · 1, 24 · 1, 24 · 1).
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We denote by Q1, Q2, Q3 the there unramified points on X0(2)C above P1, P2, P3
respectively.
Apart form elliptic points, Shimura curves also contains CM-points who are
associated to CM-fields over K. Let L/K be a CM-field and OL its ring of
integers. The field L can be embed in B by i : L →֒ B. The ring i−1(i(L) ∩ O)
is an order of OL and the embedding i is called optimal if and only this order
is OL itself. Then all the elements of i∞ ◦i(L) share the same fixed point τ ∈ H.
The point τ mod Γ(1) ∈ X (1)C is called a CM-point on X (1)C by the CM-
order i−1(i(L) ∩ O) or by L if the embedding i is optimal. One can show that
two embeddings i and i′, whose associated orders are equal, give rise to the same
CM-point on X (1)C if and only if they are conjugate by a invertible element
of O. Since there are finitely many embeddings up to conjugacy, there are
finitely many CM-points on X (1)C by a given order. In fact their number is just
the class number of the order.
Shimura’s results. Thanks to a modular interpretation, Shimura proved that
the curve X (1)C have a canonical model defined over the narrow class field ofK,
namely K itself here.
Theorem 1 (Shimura, [Shi67], §3.2, Main Theorem I) There exists an al-
gebraic curve X (1) and a holomorphic map j : H → X (1) satisfying the following
conditions.
1. The curve X (1) is defined over K.
2. The map j yields an analytic isomorphism from Γ(1) \ H to X (1)⊗K C.
3. Let L be a CM-field over K which optimally embeds in B and whose class
number is denoted by hL. Then there are exactly hL CM-points τ1, . . . , τhL
by L on X (1). The values j(τi), for 1 ≤ i ≤ hL, form a complete set of
conjugates over K and for each i, one has Lhilb. = L ·K(j(τi)).
As in the classical case, computing the modular polynomial relying the func-
tions j and j ◦ w2, one can prove that the curve X0(2) is also defined over K.
As for the curve X (2), Shimura proves that it admits a canonical model
which is defined over the strict 2-ray class field of K (i.e. unramified outside 2
and the real places), namely K another time since Cl+(K, 2) is also trivial.
Galois descent to Q. In fact, as in [Elk98] (page 38) or [Voi06]§6, Galois
descent to Q is possible. Nevertheless, the proofs of this fact contained in these
two papers should be adapted since, here, the group Γ(1) is no more a triangle
group.
The K-model of X (1)C is strongly connected to the CM-points; the elliptic
points play a crucial role in the fact that this model also descents to Q.
The elliptic point P0 of order 3 is CM by K(
√−3) which has class number 1.
Thanks to Shimura’s result, the point P0 is defined over K.
The elliptic points P1, P2, P3 of order 2 are CM by K(
√−1) which has class
number equal to 3. Due to Shimura’s result, these points must be conjugate to
each other over K.
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Proposition 2 The curve X (1) is defined over Q, in such a way that:
1. the unique elliptic point P0 of order 3, which is CM by K(
√−3), is rational
over Q;
2. the three elliptic points P1, P2, P3 of order 2, who are CM by K(
√−1), are
conjugate to each others over Q.
Proof — The proposition follows from the fact that, not only the complete
curve X (1), but also the curve X (1) \ {P0} ∪ {P1, P2, P3} descents to Q (the
point P0 is “colored”, while the three others P1, P2, P3 are “uncolored”). The
key point is that the cubic field K, we start with, is a Galois extension of Q.
By functoriality, for each σ ∈ Gal(K/Q), the curve X (1)σ is nothing else that
the Shimura curve corresponding to the algebra Bσ which is ramified at σ2 ◦ σ
and σ3 ◦ σ and nowhere else.
The algebras B and Bσ are σ-isomorphic, meaning that there exists a Q-
isomorphism θσ : B → Bσ which restricts to σ on K. Let us denote by Γ(1)σ (I
put σ in subscript to emphasize the fact Γ(1)σ is not the group Γ(1) whose coeffi-
cient are twisted by σ; this would not make any sense) the arithmetic group cor-
responding to Bσ; it follows form the choice of a maximal order Oσ of Bσ and an
embedding of Bσ inM2(R). Since θ
−1
σ (Oσ) is also a maximal order of B, it must
be conjugate to O by an element of B. Concerning the groups Γ(1) and Γ(1)σ,
this means that there exists γ ∈ PSL2(R) such that Γ(1)σ = γΓ(1)γ−1. Then
there exists an isomorphism of Riemann surfaces between X (1)C and X (1)σC
which yields an isomorphism ϕσ : X (1)→ X (1)σ of algebraic curves over K.
It is easy to verify that these isomorphisms map an elliptic point of a given
order to an elliptic point of the same order. So they are isomorphisms between
the curve X (1)\{P0}∪{P1, P2, P3} and its twist X (1)σ\{σP0}∪{σP1, σP2, σP3},
for σ ∈ Gal(K/Q).
To show that the ϕσ’s give a sufficient data for the Galois descent to Q,
it suffices to prove that the curve X (1) \ {P0} ∪ {P1, P2, P3} and its conju-
gates do not have any non trivial automorphism. Such an automorphism is
an automorphism of genus zero curve which must fix the point P0 and per-
mute P1, P2, P3. So its order is 2 or 3, depending on the fact that it fixes or
not one of the Pi’s for i ≥ 1. The cross ratios [P0, P1, P2, P3] is then equal
to [∞, 0, 1,−1] or [∞, 1, j, j2] (where j = e 2ipi3 ). On the other hand, since P0 is
rational over K and since the Pi’s for i ≥ 1 are conjugate to each others over K
and such that K(
√−1) · K(Pi) = K(
√−1)hilb., the cross ratio [P0, P1, P2, P3]
must satisfy:
K([P0, P1, P2, P3]) ·K(
√−1) = K(√−1)hilb..
Neither [∞, 0, 1,−1] nor [∞, 1, j, j2] satisfies this, therefore the curve X (1) \
{P0} ∪ {P1, P2, P3} do not have any non trivial automorphism.
In this case, the Weil descent criterion is automatically satisfied. 
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Proposition 3 The curve X0(2) is defined over Q and the three elliptic points
Q1, Q2, Q3 of order 2 are conjugate to each others over Q and fixed by the
involution w2.
Proof — The key point to prove the decent is that the prime 2 of K is
Gal(K/Q)-invariant. Indeed, keeping the notation of the preceding proof, this
permit to show that the groups Γ0(2) and Γ0(2)σ are also conjugate to each
other by the same γ. Then the isomorphism ϕσ from X (1) to X (1)σ lifts to an
isomorphism form X0(2) to X0(2)σ.
On the other hand, since PSL2(F8) is self-centralizing in the group of per-
mutations of the points of P1F8 , the cover X0(2) → X (1) and its conjugates do
not have any non trivial automorphism. Therefore the previous isomorphisms
between X0(2) and its conjugate give a sufficient conditions to the descent to Q.
The construction of the involution w2 being Galois-invariant, this function
must be defined over Q. Moreover, since w2 permutes elliptic points of same
order, it permutes the Qi’s. So w2 must fix one of them. By Galois conjugation,
it fixes all of them. 
2 Selecting the good element in the family
In [Hal05], I have computed an algebraic model of the universal family of de-
gree 9 covers of P1C with Galois group PSL2(F8), with ramification type (3
3, 24 ·
1, 24 · 1, 24 · 1) and such that the first branch point is rational while the three
others are conjugate to each other. The final result (proposition 9) consists
in a total degree 3 polynomial of Q(T )[f, g] which is an equation of a genus 1
curve E over Q(T ), and a function ϕ ∈ Q(T )(E). This function is such that the
map E ϕ→ P1
Q(T ) is a degree 9 cover, with (geometric) Galois group PSL2(F8),
with four branch points: the point of type 33 is at ϕ = ∞, the three points
of type 24 · 1 have ϕ-coordinate equal to the three roots of x3 +H(T )(x + 1),
where H ∈ Q(T ) is explicit. The divisor of the degree 3 function f is related to
the ramification points as follows: its zeros are three unramified points on E over
the three branch points of type 24 · 1 while its poles are the three ramification
points of index 3.
The variable T is a coordinate on H, the (absolute) Hurwitz space param-
eterizing this family, which thus is Q-isomorphic to P1Q. Besides this space, I
also have computed the (inner) Hurwitz space HPSL2(F8) parameterizing the
PSL2(F8)-Galois covers. It is Q-isomorphic to P
1
Q, with parameter S, and it
covers H by an explicit degree 3 map (see proposition 10, loc. cit.).
The specializations of this family at rational values of the parameter T yield
PSL2(F8) covers of P
1
Q defined over Q, with four branch points and expected
ramification data.
It turns out that the cover X0(2) → X (1) is such a specialization. Which
one? That is the question!
Proposition 4 The cover X0(2) → X (1) corresponds to the specialization at
the value T = −1 of our family.
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Proof — First of all, the cover X0(2)→ X (1) is truly a member of our family.
Indeed the ramification data, the Galois group do correspond and we know that
the unique elliptic point of order three on X (1) is rational and that the three
others of order 2 are conjugate to each others.
Let E˜ be the specialization we are looking for. We know that E˜ is defined
over Q and that there exists an involution w2 of E˜ also defined over Q that fix
the three unramified points Q1, Q2, Q3 over P1, P2, P3 the three elliptic points
of X (1) of order 2. Extending the scalars to Q(Q1), the genus 1 curve E˜ becomes
an elliptic curve whose origin can be chosen to be equal to Q1. Then w2 is
nothing else that P 7→ −P and the 2-torsion consists in the Qi’s plus the
point Q2 +Q3. Therefore one has the relations 2Q1 = 2Q2 = 2Q3.
These conditions completely determine the parameter T corresponding to
the cover X0(2) → X (1). To show this fact, let us go back on the generic
curve E . We choose the same notation for the unramified points above the
branch points of type 24 · 1, namely Q1, Q2, Q3. They are conjugate to each
others over Q(T ) since they are the zeros of the degree-3 function f ∈ Q(T )(E).
We extend the scalars to Q(T )(Θ) the splitting field of Q(T )(Qi) the field of
definition of the Qi’s; this is a degree 6 extension over Q(T ). We choose the
point Q1 as the origin of E over Q(T )(Θ) and we compute the (f, g)-coordinates
of the points 2Q2 and 2Q3; they are unfortunately to huge to figure in this
paper. The parameter T0 ∈ Q, we are looking for, must be such that these two
points specialized at T0 are equal. This leads to many polynomials in T who
must have T0 as a common zero. But the gcd of these polynomials is equal
to T + 1. 
Since we know an algebraic model of the universal family ϕ : E → P1
Q(T )
(see [Hal05] §3.4, proposition 9), it is very easy to compute the specializa-
tion ϕ−1 : E−1 → P1Q. We deduce an explicit algebraic model of X0(2)→ X (1).
Elkies notes that the equation simplifies somewhat by taking (43754ϕ−1 +
687)/2061 in place of ϕ−1.
Corollary 5 The curve X0(2) has equation:
f3 − f2g − f2 − 2584fg + 40147f − 625702g3 + 50441g − 6409261 = 0
and the cover X0(2)→ X (1) is given by the function:
ϕ = − 241129125 f2g− 36309125 f2+ 17153 fg2+ 2209930 fg− 637200f− 17159 g3+ 122536 g2− 170845 g− 130175 .
It is a degree 9 cover ramified at ϕ = ∞ and at the three roots of x3 − x2 −
992x−20736. The ramification data is (33, 24 ·1, 24 ·1, 24 ·1) and the (geometric)
Galois group is equal to PSL2(F8).
Knowing this model, one can now check some easy facts.
• Since w2 is defined over Q, the fix points divisor Q1 + Q2 + Q3 + [Q2 +
Q3] is rational; but the Qi’s being conjugate to each others, necessarily the
point Q2 + Q3 must be rational. It does and it has (f, g)-coordinates equal
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to
(
16
21 , 0
)
. Thus X0(2) is an elliptic curve which, as suggested by Watkins (see
§4 in [Elk06]), is Q-isomorphic to the elliptic curve [1,−1, 1,−65773,−6478507].
• The involution w2 of Q(f, g) is given by:
w2(f) =
733824f2− 733824fg− 454272f + 1715000g3− 218400g+ 133120
4501875g3 + 733824g+ 279552
,
w2(g) =
−91728f2g + 91728fg2 + 56784fg + 62244g2− 3328g
214375g3 + 34944g+ 13312
.
It does fix the Qi’s and the rational point
(
16
21 , 0
)
.
• Last, we recall that the Galois closure X (2) of the cover X0(2)→ X (1) is
known to be defined overK (since Cl+(K, 2) is trivial). ThereforeK must be the
field of definition of the pre-image of the point T = −1 by the coverHPSL2(F8) →
H; hopefully, it does! As in the context of triangle groups where J.Voight has
shown in the claim following theorem 6.2 of [Voi06], that the curve X (2) may
have a model defined over Q. Nevertheless, the automorphisms of the Galois
cover X (2)→ X (1) are certainly not defined over Q.
3 Rational CM-points on X (1)
Before listing rational CM points, we come back over the three elliptic points P1,
P2, P3 of order 2 on X (1). They are CM by K(
√−1) and thanks to Shimura’s
result, we must have:
K(
√−1)hilb. = K(√−1) ·K(P1).
Hopefully, this is true. Indeed, the field of definition of the Pi’s is the cubic
field Q(θ1) with θ
3
1− θ21− 4θ1+12 whose discriminant is equal to 22132 and one
can check that K(
√−1)hilb. = K(√−1, θ1).
Following Elkies, the rational CM points on X (1) must come from a CM-
fields K(
√−D) for D ∈ Q∗+ such that Q(
√−D) is principal. An easy computa-
tion shows that only D = 2, 3, 7 can appear.
Proposition 6 On X (1) there are CM points who are defined over Q:
1. the pole of ϕ, namely the unique elliptic point of order 3, which is CM
by K(
√−3),
2. the point with ϕ-coordinate equal to 2
4
·33·11
53 which is CM by K(
√−7),
3. the point with ϕ-coordinate equal to − 2354953 which is CM by K(
√−2).
Proof — The unique pole of ϕ is known to be CM by K(
√
3). In order to
calculate some other rational CM-points, we compute the “modular polyno-
mial” Φ2(X,Y ) which is the algebraic relation between ϕ and ϕ ◦ w2. It is a
7
symmetric polynomial of bi-degree (9, 9). The polynomial Φ2(X,X) factorizes
into:
Φ2(X,X) =
(
X − 4752125
)2 (
X + 23549125
) (
X3 −X2 − 992X − 20736)×(
X3 + 95568125 X
2 − 1212672125 X − 203493376125
)2×(
X3 − 16752125 X2 − 2291020815625 X + 112619929615625
)2
.
Necessarily, the two rational roots of this polynomial are rational CM points
on X (1).
On X0(2) there is a point Q, defined over Q(
√−7), such that ϕ(Q) =
ϕ(w2(Q)) =
4752
125 . This means that the point ϕ =
4752
125 is CM by K(
√−7).
Above the point ϕ = − 23549125 on X0(2), there are eight points conjugate to
each other over Q, and whose field of definition is a degree eight number fieldM
such that K(
√−2) ·M corresponds to the 2-ray class field of K(√−2). Thus,
the point ϕ = − 23549125 is necessarily CM by K(
√−2). 
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